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In the interesting paper G. Honnouvo and K. Thirulogasanthar [J. Math. Phys. 55 , 093511 
(2014)] the authors obtained the necessary and sufficient conditions under which the oscillator 
algebra connected with orthogonal polynomials on real line is finite-dimensional (and in this case the 
dimension of the algebra is always equal four). In the cited article, only the case when polynomials 
are orthogonal with respect to a symmetric measure on the real axis was considered. Unfortunately, 
the sufficient condition from this paper is incomplete. Here we clarify the sufficient part of the 
corresponding theorem from that paper and extend the results to the case when measure is not 
symmetric. 
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Introduction. The basic object of the paper— is the notion of generalized oscillator connected with the family of 
orthogonal polynomials introduced in the article^. We briefly recall this definition. Let /r be a probability measure 
on R with finite moments d^. These moments uniquely define the real sequences 

the system of orthogonal polynomials with recurrent relations (n > 0) 

X Pn+l{x') T —1 (^)5 Pq{x^ — 1, 1 — 0. (1) 

These polynomials form an orthonormal basis in the Hilbert space (R; p,). We must distinguish two cases: 

1) ttn = 0 — the symmetric case; 

2) a„ ^ 0 — the nonsymmetric case. 

We define the ladder operators and the number operator iV in "H by formulas 

a+P„(a;) = \/2bnPn+i(x); 

a~P„(x) = \/2bn-iPn-i(x), n> 0; (2) 

NPn(x) = nPn{x). 

Next, we denote by B{N) a function of selfadjoint operator N in the space TL. This function acts on the basis vectors 
as follows 


B{N)Pn{x) = b^_^P^{x), B{N + I)Pn{x) = n > 0. 

The following result was proven in^. 

Theorem 1: The operators a^, N, I obey the following relations 

a-a+= 2B{N + I), a+a“ = 2P(iV), [iV, a=^] = ±a=^. 


( 3 ) 


( 4 ) 


Definition. An associative algebra 21 is called the generalized oscillator algebra corresponding to the orthogonal 
polynomial system which satisfy recurrent relations ift^ is generated by the operators a^, N, I, that 

obey the relations m- 

Remark 1. Let 2la be the generalized oscillator algebra corresponding to the recurrent relations m in nonsym¬ 
metric case (a„ yf 0), and 21^ - the generalized oscillator algebra for related symmetric case. As follows from above 
definition the two algebras coincide and therefore their dimensions equal, i.e. dim2t(i = dim 2 t 5 . 

The dimension of generalized oscillator algebras. In a recently published paper— the authors investigated 
the conditions wherein algebra of the generalized oscillator 2t, associated with orthogonal polynomials in the manner 
described above, is finite-dimensional. Ii>i it was considered only the case of orthogonal polynomials for a symmetric 
measure on the real axis (when the Jacobi matrix corresponding to the recurrent relations ([T|) has zero diagonal). The 
following results were proven iiti. 

Theorem 2: Let us define the sequence 


4(0) = ;,2 _ . 2 4(i) ^ 4O-1) _ 4O-1) 


( 5 ) 


j = 1,2,..., n = 0,1,.... If for any fixed j > 0, the sequence | I jg jiqi constant, i.e. An^ ^const, 

t J n=0 

n = 0,1,..., then the generalized oscillator algebra 21 is infinite dimensional. 

Theorem 3: The generalized oscillator algebra 21 is of finite dimension if and only if 

b^ = (2q J- UlTl -f a2rt^, UQ; ^1: ^2 ^ (b) 


In this case the dimension of the algebra 21 is four. 

Remark 2 . Unfortunately, the only a necessary part of the above theorem from the paper— is correct. In order 
to make the right also a sufficient condition of theorem we clarified in^ the condition dH]). Namely, the coefficients in 
(|5|) must satisfy the following equality 


fli — Qo + 02- 


(7) 
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The proof of correct sufficient condition in the theorem 3. 

Let the coefficients have the following form, 

p 

b^='^ain\ 00,01,02 GM p = 0,l,2, (8) 

i=0 

and let 2t(p) denotes the corresponding generalized oscillator algebra. We proof the sufficient condition by cases. 

The case p=0: 

If b^ = constant ^ 0, n=0,l,2,..., (but b_i = 0 ) then we have 

[o“,o+] = 2(5(n)6Q P„, [A^, 0 =*=] = ± 0 =*=. (9) 

From and we have An'^ = (—1)^ S{n) b^ ^ constant, n = 0,1,. . for every hxed j > 0. Thus, the algebra 
21(0) is of infinite dimension. 

The case p=l: 

If 6^ = n + oq, n=0,I,2,..., (but 6_i = 0 ) then we have 

[o-,o+]P„ = 2(l + ,5(n)(oo-l))Pn, [fV,o±]=±o±. (10) 

Thus, the dimension of algebra 21(1) is finite (namely, it equals to four) if and only if oq = 1. 

The case p=2: 

If + oin + oo, n=0,l,2,..., (but &_i = 0 ) then we have 

[o“, o+JPn = 2n — 1 + oi + ^(o) (—2n + 1 — oi + oo)) Pra, [A^, a^]=±o^. (11) 

Thus, the dimension of algebra 21(2) is finite (namely, it equals to four) if and only if oi = oq + 1. 

It is clear that in general case, when b^ is defined by ® , the dimension of corresponding algebra 21 is finite (namely, 
it equals to four) if and only if the condition ([T]) is true. 

Finally, in thei it was proved that the algebra 2t(p) is of infinite dimension for p > 3. 

As a result, we have obtained the correct Theorem 3. 

Theorem 4: The generalized oscillator algebra 21 is of finite dimension if and only if 

bn = {ao + 0 ‘ 2 n){l + n), 00,02 GM. (12) 

In this case the dimension of the algebra 21 is four. 

Remark 3. It follows from Remark 1 that Theorem 2 and Theorem 4 remain true for arbitrary orthogonal 
polynomials on real axis. 

As an example illustrating the last theorem, we consider the Laguerre polynomials satisfying nonsymmetric recur¬ 
rent relations. These polynomials 

^ iFi{-n,a + T,x). 
n\ 

are orthogonal in the Hilbert space H = L^(IR.)|_; a;“ exp(—a;)da;). Normalized polynomials 

^nix) = d-^L^{x), = n>0 

fulfill the nonsymmetric recurrence relations m with 

bn = — \/{n+l){n + a + l), a„ = 2n + a-|-l. 

In this case bff have the form (I12p . and hence the corresponding algebra 21^ is a four-dimensional but not isomorphic 
to the algebra of the harmonic oscillator. 

In conclusion, we note that in the worb^ we have proved that the oscillator algebra associated with a system of 
orthogonal polynomials on the real line is finite-dimensional (namely, four-dimensional) only for the case of Hermite 
or Laguerre polynomials or for those polynomials, which generate the oscillator algebra that is isomorphic to the 
above mentioned algebras. 
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